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The s t ructure  of the stat ionary t rans i t ion  l aye r  in a cold ideal gas impinging on a heated 
permeable  surface (lattice) is investigated. Hysteres is  occurs  in establishing the s t ruc -  
ture of the s ta t ionary transit ion layer .  

A charac te r i s t i c  feature of the propagation of heat in incompressible  [so[ topic  media  with a thermal  
conductivity depending on the tempera ture  T is the formation of tempera ture  t ransi t ion layers  of the type 
of thermal  waves with fronts  which separate the regions with x;'r =0 and V T r  [1, 2]. It is known [3, 4] 
that thermal  waves localized in space can be detected also in the study of the heating of compress ib le  media. 

It is convenient to investigate the s t ruc tures  of tempera ture  t ransi t ion layers  of the thermal  waves 
type by considering s teady-s ta te  heat t r ans fe r .  Such considerat ions give a qualitative representa t ion of 
separate stages of corresponding nonstat ionary reg imes .  Steady-state thermal  waves in incompressible  
media with a temperature-dependent  thermal  conductivity or  with heat sinks were discussed in [5-8]; in 
the following discussion we investigate s teady-s ta te  t ransi t ion layers  of the thermal  waves type in an ideal 
gas with the equation of state 

p = A p t .  (1) 

Here p and p are  the p re s su re  and density of the gas, A--- R/p, R is the universal  gas constant,  and # is 
the mass  of a kilomole of the gas. 

Suppose an ideal gas (1) with a temperature-dependent  thermal  conductivity moves uniformly in the 
direct ion of the x axis through a permeable  plane surface ("lattice") at x =x w whose tempera ture  is T =T w. 
If the velocity anddensi ty  of the gas at x =-~o a re  u =u0and p =p 0, whereu0 and p 0 a re  positive constants,  and 
T = T O = 0, the state of the gas in the t ransi t ion layer  for  x < Xw must  be determined f rom (1) and the integrals  

(u'- p )  dT" / '  (2) 
m -:~-2 + c , : T + - p -  - - •  m u + p = I ,  

pu=-m, I ,  m, c~,, •  c o n s t >  0, n=const > 1, 

obtained by integrating the equations of s teady-s ta te  gasdynamics  [2]. In the t rans i t ion  l ayer  where dT/  
dx r  the temperature  of the gas is everywhere  continuous; this follows direct ly by integrating the f i rs t  
of Fqs .  (2) with respect  to x f rom Y.- e to  E +e, where x =Z is the surface of possible discontinuity of the 
solutions of sys tem (1) and (2), and then letting e - - 0 .  Therefore ,  in the case under considerat ion only 
isothermal  jumps can be formed in the transi t ion l ayer  in which the gas pa r ame te r s  p, u, and p experience 
nonremovable discontinuities and T, a removable discontinuity. An isothermal  jump will be called outer 
or  inner depending on whether it occurs  on the boundary or  within the t ransi t ion layer .  

An investigation of the solution of the equation 

dl-~ (~ + l) m% % (3) 
d. -- 4~ T, V= c--~' 
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which fol lows f r o m  (1) and (2) on the a s s u m p t i o n  that  T<< TM = I2/4m2A, shows that, in p r inc ip le ,  a spa t ia l ly  
loca l i zed  t r a n s i t i o n  l a y e r  of  the t h e r m a l - w a v e  type can  be f o r m e d  with a s t a t i ona ry  front  x =xr  - ~  < • 
x w. By in t eg ra t ing  (3) and us ing the condi t ion  T ( - ~ ) =  0 e x p r e s s i o n s  fo r  the s t e a d y - s t a t e  t e m p e r a t u r e  d i s -  
t r ibu t ion  on both s ides  of the t h e r m a l  w a v e - f r o n t  su r f ace  can  be obtained,  

(? + t) (n -- t) m% n-I  xn-1 for x~>X, 
r (z) = ~x~ 

( 0 for z~x~.  

F r o m  now on we a s s u m e  the o r ig in  is co inc ident  with the t h e r m a l  w a v e - f r o n t  su r f ace  xr -= 0. In the app rox -  
ima t ion  a s s u m e d  the d i s t r ibu t ions  of  u, p, and p n e a r  the t h e r m a l  w a v e - f r o n t  su r f ace  can  a lso  be found. 

It is advan tageous  to r e p r e s e n t  the gas p a r a m e t e r s  xg v -<x-<x w ove r  the whole t r a n s i t i o n  l a y e r  as  
funct ions  of z =z  ( x ) = m u / p ,  0-< z <oo. Then  it fol lows f r o m  (1) and the las t  two of the in t eg ra l s  (2) that  

I I z m ~ z + i  I ~ P=z ' -4 -7 '  u = - -  1' P =  , T =  z (4) 
m z +  I z m~A ( z + l )  ~ " 

The m a x i m u m  v a l u e  T = T  M is r e a c he d  at z = l .  Thus,  in the s teady flow of an ideal  gas  with definite I and 
m the admis s ib l e  va lues  of the t e m p e r a t u r e  have an uppe r  bound T (z) _< T M. If T i < T M the value of T i 
can  be a t ta ined fo r  two va lues ,  

2 - ~ + 21/~-- r i 
Z i t , 2  = , Z I t , Z i 2  = I ,  ( 5 )  

lr i 

T i 

Since 

it fo l lows f r o m  (2) and (4) tha t  

dx dz  dx  ' 

B 2/S~-l(l - z) (z --  zl) ~ = . y (z + ~)2.-t ' (7) 

Bn ~- ~n (7 -- 4) (4TM)n-t 7 -- i 

rf~A , Z/ ~-- 2 ' 

whose solution is x=x(z). Solving this for z =z(x) by using (4), the distributions of p, u, p, and T inside 
the transition layer can then be obtained. A particular solution of Eq. (7) which passes through the point 
(x k, z k) in the xz plane has the form 

z - - x k = B , j '  ;~-1(5_;)d; ~ B ~ J  ~G) d~, iS) 

which can be eva lua ted  in t e r m s  of e l e m e n t a r y  funct ions  fo r  c e r t a i n  values  of n and % F o r  example ,  if 
n=  2, the solut ion of (8) has  the f o r m  

z - - x k =  Bz ~ {(y - -1 )  (3 - -  y) !n l ~ t  + 2[~ ( 3 7 - - t -  2~)--~h ( 3 y - - l -  2~)1), (9) 

The integral curves (8) and (9) are qualitatively different for T > 3, T=3, and I<T<3. Figures 1-3 
show families of integral curves (9) for T=2, 3, and 4; the solid lines are integral curves passing through 
the point (Xcp, zgo), where zq =z(xgo)=oo, i.e., satisfying the condition on the front of the thermal wave. If 
y ~ 3 ,  the s t r a igh t  l ine z =zf ,  which is  a p a r t i c u l a r  solut ion of the inver ted  Eq. (7) [9], is added to the fami ly  
of so lu t ions  of Eq.  (7). 

By us ing  (4), (6), and (7) an e x p r e s s i o n  can be de t e rmined  fo r  the heat  flux q-= - n ( d T n / d x )  as  a 
funct ion  of z, 

12 z !  - -  z 

q = m ( y - - ~ )  ( z + l p  

It fol lows f r o m  th is  that  the flux is d i r e c t e d  a long  the pos i t ive  x axis  for  z < zf, and a long the negat ive  x 
axis  fo r  z >  zf. At the po in t s  z =zg o and z =z f  q(zg o) =q(zf) =0; these  po in t s  c o r r e s p o n d  to a u n i f o r m  s ta te  
of the gas with cons t an t  va lues  of p, u, 0, and T ahead of the f ront ,  and a s t a t i o n a r y  shock wave p ropaga t ing  
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in  an  i d e a l  g a s  at  t e m p e r a t u r e  T O behind  the  f ron t .  It is  obv ious  that  the d e t e r -  
m i n a t i o n  of the gas  p a r a m e t e r s  in  the  t r a n s i t i o n  l a y e r  wi th  the  l a t t i c e  t e m p e r a -  
t u r e  T w = T ( z  f) = T  (zf- l )  = T M [8(1/ - -1) / (1 /+1)  2] r e p r e s e n t s  a p r o b l e m  of  the 
s t r u c t u r e  of a shock  wave  in  a co ld  i dea l  g a s  wi th  a t e m p e r a t u r e - d e p e n d e n t  
t h e r m a l  c o n d u c t i v i t y .  

A c c o r d i n g  to (5) the  t e m p e r a t u r e  of the  hea ted  l a t t i c e  T w, which  is  l e s s  
than  T M, o c c u r s  at  two v a l u e s  of  z :  Zwl and Zw2. By app ly ing  the  g e n e r a l  c o n -  
d i t ion  of  t h e r m o d y n a m i c  e q u i l i b r i u m  to the s y s t e m  c o n s i s t i n g  of a s ing le  s m a l l  
a r e a  of the l a t t i c e  - c o n s i d e r e d  as  a t h e r m o s t a t  - and a c o l u m n  of g a s  p a s s i n g  
t h rough  t h i s  a r e a  i t  c a n  be d e t e r m i n e d  which  of the  two c ond i t i ons  i s  m o r e  
s t a b l e  t h e r m o d y n a m i c a l l y .  A c t u a l l y ,  s i n c e  the  i n c r e a s e  in the t o t a l  e n t r o p y  
of the t h e r m o d y n a m i c  s y s t e m  p e r  uni t  t i m e  can  be  w r i t t e n  in  the f o r m  

a & . ~  = m is (z~ .2) - -  s (z0I + "7-q (z~.,.2), 

w h e r e  

s (z) = so + co in :~ ( z +  1 )  " ~ + l  ' 8 o  ~ const, 

by us ing  (5) and (7) it  fo l lows  tha t  f o r  any v a l u e s  of 1t fo r  T w < T  M, AS~< AS 2. Thus ,  the s t a t e  wi th  ZW2 i s  
t h e r m o d y n a m i c a l l y  m o r e  s t a b l e  than  the s t a t e  wi th  Zwl. 

The change  in  g a s  p a r a m e t e r s  in the t r a n s i t i o n  l a y e r  d i r e c t l y  behind  the t h e r m a l  wave  f ron t  x = x ~  
c o r r e s p o n d s  to the m o t i o n  of a r e p r e s e n t a t i v e  po in t  on the  i n t e g r a l  c u r v e  x =x(z)  (8) wi th  x k -  x4o and z k -  
z m. Dur ing  the s u c c e e d i n g  s t a g e s  t h i s  m o t i o n  can  p r o c e e d  c on t i nuous ly  o r  wi th  a jump r e l a t e d  to the t r a n -  
s i t i o n  of *he r e p r e s e n t a t i v e  poin t  to a n o t h e r  i n t e g r a l  c u r v e .  Any d i s p l a c e m e n t  of the  r e p r e s e n t a t i v e  po in t  
in  the  xz p l ane  m u s t  o c c u r  wi th  Ax>-0,  and the t r a n s i t i o n  f r o m  one i n t e g r a l  c u r v e  to  a n o t h e r  m u s t  be i s o -  
t h e r m a l  (F igs .  1-3) .  

We c o n s i d e r  the  p o s s i b l e  d i s p l a c e m e n t s  of a r e p r e s e n t a t i v e  po in t  f r o m  the i n i t i a l  s t a t e  (x(n, z~)  to  
the  f ina l  s t a t e  (x w, Zw2). The so l id  a r r o w s  denote  con t inuous  m o t i o n  of the r e p r e s e n t a t i v e  po in t  a long  an 
i n t e g r a l  c u r v e ,  and the  b r o k e n  a r r o w s  ind i ca t e  a j ump  to a n o t h e r  i n t e g r a l  c u r v e .  

We b e g i n  with  the c a s e  1 < y< 3. 

If T w =T (zf), the r e p r e s e n t a t i v e  po in t  i s  d i s p l a c e d  a c c o r d i n g  to the s c h e m e  

(x~, =0 - (xs, ~"s -~) - - --> (~s, zk --> @~, ~k, 

x s = B n  j ~(~)d~ x ~ - - c o n s t ~ x !  z 1~zwz.  
zip  

Since an i s o t h e r m a l  jump  t r a n s f e r s  the g a s  to a s t a t e  in which  t h e r e  is  no i n t e r a c t i o n  of the l a t t i c e  wi th  
the ga s ,  the l a t t i c e  c a n  be at  any d i s t a n c e  f r o m  the i s o t h e r m a l  j u m p  {Xw->Xf), and the va lue  of x w is  not 
d e t e r m i n e d .  The i s o t h e r m a l  jump  is  l o c a t e d  ou t s ide  the t r a n s i t i o n  l a y e r  in  which  d T / d x  > 0 e v e r y w h e r e .  

If Tw--: T (Zwh 2) = T (zf), the d i s p l a c e m e n t  of the r e p r e s e n t a t i v e  poin t  i s  d e s c r i b e d  by  the s c h e m e  
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(x+,~(z ~, z~) - - - ~  (z~, z~:), (10) 

zw! 

z~ = B,, ! r (~) d~ 
z~ 

with the outer  i so thermal  jump located direct ly on the latt ice (Fig. 1), or  according to the scheme 

(x+, z + ) ~  (xk, z h l ) - - - >  (zh, z,~.~)~ (z~, zw~), (11) 

zhl  Zw2 

xh = B,+ S + (I) = + + 
z~ zh2 

with an inner i so thermal  jump. When the representat ive point is displaced according to scheme (11), if 
T w > T (zf), Tk~= T (Zkl ' 2) > T (zf), Zk2 > zf and dT/dx > 0 everywhere  within the t rans i t ion  l ayer  xcp<x < x w 
(Fig. 4a); if Tw<T(zf) ,  Tk<T(zf) ,  Zk2< zf, dT/dx > 0 for  x~p<Z<Zk, and dT/dx< 0 for  Xk<X<X w (Fig. 4b); 
i.e., at an i sothermal  jump the t empera tu re  of the gas has its maximum value within the t ransi t ion layer .  

We consider  next the case 7=3.  If T(zf )=T M, Tw<-T(zf), the par t icu lar  solutions (8) satisfy Eq. (7), 
where there is a cancellat ion of [ - 1  by ~ - z f ,  and also the root z =z f=  1, which cor responds  to a ver t ical  
s traight  line in tersect ing the integral  curves  (8) in the xz plane (Fig. 2). In considering possible displace-  
ment schemes  of the representa t ive  point there should be kept in mind the possibi l i ty of its continuous 
t rans i t ion  f rom one integral  curve to another along the straight line z = 1. The motion of the representat ive 
point along the s traight  line z = z f =  1 in this case cor responds  to a uniform state of the gas with constant 
values of p, u, p, and T =T M. Therefore ,  a continuous t ransi t ion f rom the integral curve pass ing through 
the point (x~0, z~p) along the straight  line z = 1 means a continuous change of the gas p a r a m e t e r s  within a 
t rans i t ion  l ayer  of finite thickness  f rom constant  values at a t empera tu re  zero  to constant values at a t em-  
pera ture  different f rom zero  (a t rans i t ion  l ayer  without a jump localized in space with leading and trai l ing 
edges of the the rmal -wave  type). The format ion  of a thermal  wave front is related to the existence of a 
singular solution of the corresponding ordinary  differential equation [8]. We show that a s imi la r  situation 
occurs  for  a t rans i t ion  l aye r  without a jump. 

F rom the f i rs t  integral  of (2) and (4) and (5) a differential equation can be obtained describing the 
tempera ture  distr ibution within the t rans i t ion  layer ,  

i 1 /  1 
• ++,+ - i V - _.t ~I do) '>__o)-~(i-': z])+2 l__o)+~ (O n 

me,, dx .++~? (co) ~ + ( o ~ ' .  (12) 

' -  t /  a 2--(o n @2 t--o) n 

For  y--3 the solutions of (12) are  r and w =1 (T=0 and T---TM). The necessa ry  and sufficient c r i te r ion  
for  a~ =0 and w =1 to be s ingular  solutions of Eq. (12) is the convergence of the improper  integral 

t 

~ [91, in which the singulari t ies  ~0 =0 and W=I  are  tntegrable.  For  a t ransi t ion layer without a 

jumpthe singular  solution of Eq. (12)makes it possible to represent  the tempera ture  distribution in space 
by joining two singular  solutions and one par t i cu la r  solution. For  T e3  Eq. (12) has one singular  solution 
co = 0, and therefore ,  a spatially local ized t rans i t ion  layer  without a jump is impossible.  

We continue the discuss ion of possible displacement schemes for  the representa t ive  point when+/= 3. 

if Tw = T (zf), the representa t ive  point is displaced according to the scheme 

(x+, zr ~ (zl, zA ~ (xw, zA, 

z! 

x l = B ~ y  ~ (~)d~  x~=const~>xr  z i ~ z ~ 2 .  
zq~ 

In this case the gas p a r a m e t e r s  vary  continuously inside a t rans i t ion  l ayer  of finite thickness which canbe 
located at any distance f rom the lat t ice.  

If T w < T (zf), the representa t ive  point is displaced according to scheme (10) with an outer  i so ther -  
mal jump or  according to scheme (11) with an inner  jump at which the tempera ture  has its maximum value 
inside the t ransi t ion layer .  In this case a continuous t ransi t ion is also possible according to the scheme 
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(~ ,  ~,~) ~ (xl, ~I)"--" (z~, ~I)'-" (~,1, :,~), 
z !  

z l = B ~ r  . z h = c o n s t > x  l 
Z{p 

ZW2 

(Fig. 4b). zl 

We consider  the case T > 3, Tw-<T(zf). If Tw=T(zf) ,  the representat ive point moves in the xz plane 
along an integral curve of Eq. (8) f rom Xk = xcp and Zk -= zcp to the infinitely distant point (x w =~, zf); this 
motion cor responds  to a semi-infini te  t ransi t ion l ayer  with continuously varying gas pa r ame te r s .  If T w < 
T(zf}, the possible displacements of the representat ive point 8re s imi la r  to the corresponding cases  with 
an outer or  inner isothermal  jump for  T = 3 (Fig. 3). 

By taking account of the schemes discussed for  the displacement  of the representat ive  point and using 
Eqs.  (4) and (8) the values of the gas pa r ame te r s  within the transit ion l ayer  can be calculated completely.  
The qualitative cha rac t e r  of the change of t empera ture  T and velocity u of the t ransi t ion l ayer  cor respond-  
ing to scheme (11) can be seen in Fig. 4. It may seem strange that for  th6 same lattice tempera ture  T w 
the t rans i t ion  l aye r  can have a different s t ructure .  This is related to the  absence of a unique solution of 
Eq. (7) and indicates the distinctive hys te res i s  which occurs  in establishing a s teady-s ta te  t rans i t ion layer .  
To demonstrate  the lack of uniqueness of the s t ructure  of the t ransi t ion l ayer  it is necessa ry  to examine 
fur ther  the stability of a t ransi t ion l aye r  with an i sothermal  jump anywhere within it. A detailed discussion 
of the case descr ibed by Eqs. (3) and (5) is ra ther  tedious. For  a theoret ical  solution of the problem of 
the uniqueness of the s t ruc ture  of a t ransi t ion layer  with an i so thermal  jump we can r e s t r i c t  ourse lves  to 
an investigation of a t ransi t ion layer  ar is ing for  the i sothermal  equation of state 

p=a2p ,  a=const (13) 

and a l inear  thermal  conductivity [ n = l  in the f i rs t  integral of (2)]. It follows f rom (7) and the last  two 
integrals  of (2) that the density, p res su re ,  and velocity of the gas in front of an isothermal  jump and be-  
hind it are  constant and equal, respectively,  to 

uo 2 (14) 
P0, Po =: a~'Po, Uo; P! =P0 -~ ,  

a 2 

Pl = a~Pl, ut - -  uo'~'-~ " 

Assuming u 0 > a we note that Eqs. (14) hold independently of the temperature  distr ibution in the t ransi t ion 
layer  found f rom the f i rs t  of integrals  (2). If the i so thermal  jump is located at x =0, and u ( - ~ )  =u 0, the 
tempera ture  distribution can be writ ten in the form 

( [ mep "~ mCp 

l r o t , -  e + ,or - 
i 
I 2 m c  m c  

r (15) 

I for O <~ x <~ x~,  

where T s is the t empera tu re  of the gas at the isothermal  jump. The unknown constants x w and T s cannot 
be determined simultaneously f rom the equation 

x w Xm 
Ts = , -~ "2"%p ] i - - e -  x -F T,~e x (16) 

This gives rise to the ambiguous cha rac t e r  of the s t ructure  of the t ransi t ion layer  (the location of the iso-  
thermal  jump relative to the lattice is not uniquely determined).  Actually, for T w �9 T o + [ (u02--uf2)/2Cn ] 
the isothermal  jump is located a rb i t ra r i ly  within the t ransi t ion layer  - ~  <x -<Xw; for  T w = T  0 +[ (u02--u~2)/ 
2Cp] Ts = T w, but x w can be a rb i t ra ry .  

The stability of the s t ructure  of the t ransi t ion layer  (13)-(16) is investigated under the assumption 
that the isothermal  jump is subjected to an infinitesimal displacement in a direct ion perpendicular  to its 
plane. This is done by writing all quantities in the nonstationary sys tem of one-dimensional  gasdynamics  
equations [2] as sums of the s t ready-s ta te  values (14) and (15) and infinitesimal nonsta t ionaryper turbat ions .  
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After  pe r fo rming  the usual l inear iza t ion  we have for  the p e r -  
turbat ions  of the density and veloci ty 

ap i' 0p( 6u i' 
a-Y- + u~ ~ + Pi -a-5". = O, 

Out' Oui" a2 dPi O. 
Ot + ui ~ 9~ Oz --  

Here p r i m e s  denote inf ini tes imal  per tu rba t ions ;  for  quanti t ies 
in front  of the i so the rmal  jump i = 0, and for  those behind the 
jump i =f. In invest igat ing the stabil i ty we seek  solutions for  

Pi' and u i '  in (15) which are  p ropor t iona l  to e ~2t, I2 > 0. Taking account of the continuity conditions f o r m a s s  
and momen tum fluxes at the i so the rma l  jump, l inear ized  with r e spec t  to smal l  pe r tu rba t ions ,  and the fact  
that  p i ' ,u i '  (x) --0 as x- -+oo,  it is e a sy  to see that for  ~ > 0 Pi '  and ui ' (x  ) -  0. However,  f r o m  this there  
st i l l  does not follow the stabil i ty of the s t ruc tu re  of a t rans i t ion  l a y e r  with an i so the rmal  jump located 
a r b i t r a r i l y  within it, since the behav io r  of the pe r tu rba t ion  T i' r ema ins  unexplained. By l inear iz ing  the 
nonsta t ionary  energy  equation [2] and taking account of the fact that Pi ' ,  ui '  -= 0, thefollowing equations can 
be obtained for. the t e m p e r a t u r e  per tu rba t ion :  

OT i" OT i" O$Ti" ~ , 
o---7- + 7ui ~ = ):i -3-Yx~ ' %~ ~ Pi% 

whose solutions,  inc reas ing  with t ime,  must  also be sought in the f o r m  Ti(x)e ~2t with 12 > 0. 

It is obvious that  { 0 ' ( x ) -  0 if Xw=0. 

I fXw> 0, 

To" = Cle , T/" = Cee ~ x  + C3e , 

Tu~ + V 7~ul z + 4 ~  
k i + -  = 2~ ' 

since T0' (--oo)= 0. Taking account of the fact  that Tf '  (Xw)=0 and that the t e m p e r a t u r e  and energy flux p e r -  
tu rba t ions  a re  continuous at x=0 ,  i t i s  easy  to see that C1, C2, C 3-  0, and the re fo re ,T i  '-= 0 for  -o~ <x_<xw" 

Thus,  a s t a t ionary  t r ans i t ion  l a y e r  in a cold gas  impinging on a heated p e r m e a b l e  surface  {lattice) 
may actual ly have a nonunique s t ruc tu re .  
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